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Abstract. In |DLS12b] , De Lellis and Szekelyhidi construct Holder continuous, dissipa- 
tive (weak) solutions to the incompressible Euler equations in the torus T 3 . The con- 
struction consists in adding fast oscillations to the trivial solution. We extend this result 
by establishing optimal h-principles in two and three space dimensions. Specifically, we 
\ identify all subsolutions (defined in a suitable sense) which can be approximated in the 

I/ -1 -norm by exact solutions. Furthermore, we prove that the flows thus constructed on 
T 3 are genuinely three-dimensional and are not trivially obtained from solutions on T 2 . 

1. Introduction 

1.1. Incompressible Euler equations and h-principle. We consider the (incompress- 
ible) Euler equations 

dtv + div (v ® v) + Vp = 0, div v = (1) 

on the torus T d , d = 2 or 3. Here, v is the velocity vector field and the pressure p enforces 
the divergence-free condition. If (v,p) is a classical solution to ([TJ, scalar multiplication with 
v and the chain rule give <9j^j — h div x ((^2 — ^ Pj V J = ®- Integrating in space shows that 
classical solutions to the incompressible Euler equations conserve the total kinetic energy: 

d_ 

at jjd 



\v\ 2 (x, t) dx = 



Anomalous dissipation. The existence of weak solutions violating the conservation of ki- 
netic energy was first suggested in |Ons49j by Onsager, where indeed he conjectured the 
existence of Holder continuous solutions in 3 space dimensions with any exponent smaller 
than |. Onsager also asserted that such solutions do not exist if we impose the Holder 
continuity with exponent larger than ^ and this part of his conjecture was proved in |Eyi94| 
and |CET94j . The considerations of Onsager are motivated by the Kolmogorov theory of 
isotropic 3-dimensional turbulence, where the phenomenon of anomalous dissipation in the 
Navier-Stokes equations is postulated. This assumption seems to be widely confirmed ex- 
perimentally, whereas no such phenomenon is observed in 2 dimensions. Indeed, for d = 2 
the conservation law for the enstrophy does prevent it for solutions which start from suf- 
ficiently smooth initial data. However, the considerations put forward by Onsager which 
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pertain to the mathematical structure of the equations do not depend on the dimension and 
this independence appears clearly also in the proof of |CET94| . which works for any d > 2. 

The first proof of the existence of a weak solution violating the energy conservation 
was given in the groundbreaking work of Scheffer [Sch93] . which showed the existence of a 
compactly supported nontrivial weak solution in M? x R. A different construction of the 
existence of a compactly supported nontrivial weak solution in T 2 x R was then given by 
Shnirelman in |Shn97| . In both cases the solutions are only square summable as a function 
of both space and time variables. The first proof of the existence of a solution for which 
the total kinetic energy is a monotone decreasing function has been given by Shnirelman in 
[ShnOO] . Shnirelman's example is in the energy space L°°([0, oo), L 2 (R 3 )). 

In |DLS09l IDLSlOj these existence results were extended to solutions with bounded ve- 
locity and pressure and in any space dimensions. The same methods were also used to 
give quite severe counterexamples to the uniqueness of admissible solutions, both for in- 
compressible and compressible Euler. Further developments in fluid dynamics inspired by 
these works appeared subsequently in [Chil2l ICFGTT1 IShvlll ISieTTl ISWlll [Wiellj and are 
surveyed in the note [PL SI 2c] . In |DLS12a] IDLS12b] , De Lellis and Szekelyhidi devised a 
new iteration scheme , which produces continuous and even Holder continuous solutions on 
T 3 . Furthermore, one may prescribe the total kinetic energy profile 

f \v(x,t)\ 2 dx = e(t) 

where d = 3, and f Jd = j^ra fjd- (For notational convenience we omit the usual factor 1/2 
and average over the domain.) 

Solutions of class C 1 are therefore "rigid" compared to less regular solutions. In fact, the 
paper jDLS09| introduced a new point of view in the subject, highlighting connections to 
other counterintuitive solutions of (mainly geometric) systems of partial differential equa- 
tions: in geometry these solutions are, according to Gromov, instances of the /i-principle, 
the prime example of which is Nash's theorem on C 1 isometric embeddings [Nas54 . (See 
in |CDLSll] an earlier discussion on the striking similarities between Onsager's conjecture 
and the rigidity and flexibility properties of the isometric problem.) We recall that an 
embedding u : M n -> R N , N > n is said to be (strictly) short if diUo ■ djUo < gij where 
g is a prescribed Riemannian metric. Nash (and Kuiper) proved that any strictly short 
embedding can be uniformly approximated by an isometric embedding u £ C 1 (M;R Ar ), 
diU-djU = g^j, in the sense that ||^o — u \\c° can be made arbitrarily small. For the isometric 
problem, the h-principle is the statement that uq can be deformed into u via a homotopy 
(hence the name) . In the sequel we will leave this aspect of the h-principle aside and view 
the h-principle density statement. 

The main idea in |Nas54j is to add fast oscillations in order to increase the metric induced 
by a short embedding uq and thereby reducing the defect gij — diUo ■ djUQ. Thus, uq is 
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taken closer to the boundary of the set short embeddings, precisely made up of isometric 
embeddings. Nash's idea has been further developped by Kuiper, Gromov, and others, and 
falls nowadays under the name of convex integration, see |DLS12cl IEM021 IGro86[ Spr98| . 



If convex integration alone produces C 1 isometric embeddings, refinements can achieve 
C ,a regularity for certain a depending on n and N, see |Bor65l fBor04t ICDLS1 lj for precise 
statements and references therein. For the Euler equations, the natural space for convex 
integration is C°. The method used in [DLS09J producing solutions in L°° was a weak 
form of convex integration. The iteration scheme of |DLS12a] is closer to the approach of 
|Nas54| . see the introduction of |DLS12aj for a thorough discussion. Finally, |DLS12b] . with 
the improved regularity for Euler, parallels [CDLSli] for the isometric problem. 

In this article we establish h-principles for the Euler equations in 2 and 3 space dimen- 
sions, using the convex integration procedure developped in |DLS12a| and sophisticated in 
|DLS12bj . We shall first motivate our definition of subsolutions to the Euler equations, 
analogous to the short embeddings of Nash for the isometric problem, and the notion of 
the h-principle in use here. It is generally accepted that the onset of turbulence in incom- 
pressible fluids is due to the appearance of high-frequency oscillations in the velocity field 
|DLS12cl IFri95l Maj91| . For example, if (v v ,p u ,f u ) is a sequence of approximate solutions, 



d t v u + div {v v <g) v v ) + Vp v = f u , div v v = 0, 

with uniformly bounded kinetic energy, and converges weakly to (v,tt, 0), then in general 

d t v + div (v <g> v + R) + Vtt = 0, div v = (2) 

in the weak sense, where R is a symmetric, positive semi-definite matrix, called the Reynolds 
stress tensor. It appears because the operation of taking weak limits does not commute 
with the nonlinear operator (g>. A strategy to construct an exact solution to the Euler equa- 
tions ([I]) is then to reintroduce the oscillations so as to eliminate R on average. A crucial 
point in the construction of |DLS12a] is therefore the ability to generate the tensor R > 
with a fast oscillating perturbation W (see Lemma [7] and Section [3.51 for details): we seek 
a velocity field W solving the stationary Euler equations and satisfying 

W®Wd£ = R. 

In three dimensions, this is done using Beltrami flows. However, these flows seem to be 
insufficient to capture all possible oscillatory behaviors in the Euler equations, see Proposi- 
tion [5l where it is also shown that this problem does not exist in two dimensions. 

Remark Beltrami flows are defined as those three-dimensional flows of the form curl v(x) = 
\(x)v(x) for some scalar function X(x). These are stationary flows, see |MB02| . There is a 
connection with two-dimensional stationary flows, see Proposition 2.11 in [MB02J. For these 
flows however, the function A is in general not constant. In the construction of |DLS12a] . 
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on the other hand, the function A(x) = A is constant. ■ 

With these general considerations being done, we now turn to precise definitions. It will 
be more convenient to work with an alternative form of (|2]). Letting R be (minus) the 
trace-free part of R, R = Id — R, then ([2]) becomes 

d t v + div (v ® v) + Vp = div R, div v = (3) 

where p = ir + We shall refer to Q as the Euler- Reynolds system. It is equivalent 
to (|2|) provided one fixes tr R. (Indeed, if (v, R, tt) solves ([2]), then so does (v, R + /Id, vr — /) 
for any function /.) 

We emphasize that the notion of short embedding for the isometric problem is relative 
to a prescribed metric g. In the context of ideal hydrodynamics, a natural quantity to 
prescribe is the kinetic energy e(i). We shall say that (v,R,p) is a strict subsolution to 
the Euler equations (relative to the kinetic energy e(t)) if (v, R,p) solves the Euler-Reynolds 
system (in the classical sense), where R is trace- free, and if 

e — -fird\v(x't)\ 2 dx' o , 

JT 1 K ' n Id- R(x,t) > 0, x 6 T , t€[0,T\. (4) 

This amounts to fixing tr R = e(t) — J Td \ v (x, t)| 2 fix and imposing that R > in the (v, i?, 7r) 
formulation. In particular we have 

|2 



e > -r |v| 
/ T d 

As for the isometric problem, the boundary of the set of subsolutions consists of exact 
solutions to the Euler equations with prescribed kinetic energy. 

The main focus |DLS12a] IDLS12b] is the construction of some solutions with a certain 
amount of regularity, and thus used the particular (trivial) subsolution (0,0,0). Their 
Geometric Lemma (Lemma 3.2 in |DLS12a] ) was sufficient for this purpose. Here, we prove 
an optimal Geometric Lemma, see Lemma [71 and identify the largest class of subsolutions 
for which the convex integration scheme of [DLS12a] produces an exact solution to (JT]). A 
subsolution (v,R,p) is strong if it satisfies the condition, stronger than @, that 

e(*) -f T rf N (x',t) | 2 dx' h 



d(d-l) 



-ld + Ro(x,t)>0, jet, te[0,T}. (5) 



(Equivalents, e W fa ,t)\* dx' u _ G M ^ gee Section O for definitions.) 

We say that the h-principle holds for ([1]) if, given a > and a strict subsolution 
(vo,Ro,po) relative to e(t), there exists an exact solution (v,p) with f Td \v(x,t)\ 2 dx = e(t) 
and such that \\v — vo\\ H -i^jd^ < a. The h-principle holds for strong subsolutions if 
(vo,Rq,po) is required to be strong. 

Remark Another possible notion of subsolutions is to fix a function e = e(x, t) and 
impose the pointwise condition that EEilizMgwl id _ R( x , t) > 0. This is the notion used 
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in [DLS09] in the context of L°° -solutions. The two notions are different, and one does 
not imply the other. The pointwise notion seems ill suited for the construction in use here. 
Indeed, the pointwise control on the velocity field along the iteration seems insufficient. 

Genuinely 3D flows. There is a trivial way to produce flows on T 3 from flows on T 2 . 
As a consequence of precise estimates of our main result, Theorem [TJ we show that the 
flows obtained for d = 3 are genuinely three-dimensional and do not coincide with those 
obtained for d = 2, see Corollary [3l In order to formulate our statement precisely, consider 
a solution (v,p) to the Euler equations (pQ) on ]R 3 x [0, T] and denote with the same letters 
the corresponding solution on M 3 x [0, T] with the obvious periodicity in space. We say that 
a solution is not genuinely three-dimensional if, after suitably changing coordinates in 
space, it takes the form 



where V3 is a constant. Otherwise it is genuinely three-dimensional. 

Acknowledgments The author was supported by ERC Grant agreement No. 277993. 
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1.2. Statement of results. In |DLS12aj and |DLS12bj . solut ions to the Euler equations 
with prescribed kinetic energy were constructed using convex integration starting from the 
trivial subsolution (vq, Rq,pq) = (0,0,0) on T 3 . Since the building blocks are a certain 
class of Beltrami flows, which are inherently three-dimensional, it is not immediately clear 
whether the method should work in other space dimensions. In our main result, Theorem [TJ 
we establish the largest set of subsolutions for which the h- principle holds, in dimensions 
two and three. It is based on a refined Geometric Lemma, see Proposition [5] and Lemma [71 

Theorem 1 (h-principle). Assume d = 2 or 3. Lete(t), t G [0, T], be smooth, positive. Let 
(vq, Rq,po) be a strong subsolution. Let < < jq and a > 0. Then: 

(1) there exists a vector field v G C°(T d x [0,T]) and a function p G C°(T d x [0,T]) 
which solve the Euler equations (TTJ) (in the weak sense) and satisfy 



v(x,t) = (v 1 (xi,x 2 ,t),v 2 (x 1 ,X2,t),v 3 ) 



(6) 



v(x,t) — v(x',t)\ < C\x 



x 



x,x' G T d , 



t€[0,T\ 



and 



sup \\v(-,t) - v (;t)\\ H -in:d) < a; 
te[o,T] 



(7) 



(2) the solution can be constructed so that, for all t G [0, T] 



Jv 



v(x, t) Cg) v(x, t) — vq(x, t) (§) vq(x, t) + R(j(x, t)j dx — 



fj2 \vq(x, t)\ 2 dx 
d 



Id < a. 



(8) 
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Remark As in [DLS12b], the proof of Theorem [1] yields further regularity on both v and 
p. Namely, they are Holder continuous in both x and t with 

\v(x,t) -v{x',t')\ < c(\x-x'\ e + \t-Hf\ 

and 

\p(x,t)-p(x',t')\ < C {\x-x'\ 2e + \t-t'\ 2e ^ . 



Corollary 2. If d = 2, then the h-principle holds for strict subsolutions. 

Corollary 3 (Genuine 3D flows). Assume d = 3 in Theorem^ Then the flows are genuinely 
three-dimensional provided a is chosen sufficiently small. 

2. Proof of Theorem [H part 1 

2.1. Notation. Spaces of symmetric matrices. All matrices in this article will be symmet- 
ric, and thus the qualifier "symmetric" will often be omitted. We shall denote by 

S dxd = | M G R dxd . M r = M j 

the set of symmetric d x d matrices, by 

S^ x + d = |M G S dxd : M > o} 

the open convex cone of (symmetric) positive definite matrices, and by 

S^ xd = |m G S dxd : tr M = o} 

the closed linear subset of S dxd of trace-free matrices. We also introduce 

M d := hd-b®b | 6G S^ 1 } 

where § d_1 = {h G M rf | |6| = l} denotes the (d — l)-dimensional sphere. Of interest will be 
the open subset 

M d := intMS onic C S dx + d 

where M™ nic denotes the conic hull of M^, that is, the set of all matrices of the form 

m 

cti (Id — hi (g> hi) , where ai > and \bi\ = 1. 

i=i 

The norm on these spaces will be the operator norm. 

.B ro (Id) and the parameter ¥q. For ro > 0, B ro (ld) will always denote the open ball in S dxd . 
By Proposition we fix f o > sufficiently small so that 

5 2Fo (Id) cM d . (9) 
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Holder norms. For a time-independent function / = f(x), the sup-norm is denoted ||/||o 
sup T d | /|, and the Holder seminorms are given by 

I 7TY f( r ) — m f( y )\ 

[f) m := max ||^/|| , [f] m+a := max sup 1 1 \J J[V)l 

\y\=m \^\=m x ^ y \X-y\ a 

and the Holder norms are given by 

m 

11/11™ ==£[/],-, n/iu+a:=ii/iu + m m+a . 

3=0 

For a time-dependent function / = f(x,t), and r > 0, ||/|| r will denote the "Holder norm 
in space" , that is 

11/11,= sup ||/(-,t)|| r . 

te[o,T] 

while the Holder norms in space and time will be denoted by || • \\c r - 

Constants. We will follow [PL SI 2b] for the convention pertaining to the constants involved 
in the estimates of Section 0] and the Appendix. 

• C: will denote universal constants. 

• C/ji will denote constants in estimates concerning standard functional inequalities 
in Holder spaces C r . These constants depend only on the specific norm used and 
therefore only on the parameter r > 0. 

• C e : throughout the rest of the paper the prescribed energy will be assumed to be 
a fixed smooth function bounded below by a positive function. Several estimates 
depend on these bounds and the relate constants will be denoted C e . 

• C v : in addition to the dependence on e, there will be estimates which depend also 
on ||u||o- See the constant A in Proposition [H 

• C s , C e)S , C V)S : will denote constants which are typically involved in Schauder esti- 
mates for C m+a norms of elliptic operators, when m G N and < a < 1. These 
constants not only depend on the specific norm used, but they also degenerate as 
a I and a f 1. The ones denoted by C e)S and C VjS depend also, respectively, on e 
and e and ||u||o- 

We emphasize that constants never depend on the parameters fi,£,5,X and D, although 
they may depend on e (see Section 0] and Appendix for definitions of these parameters). 

2.2. The iterative scheme: Proposition 31 In order to motivate the main Proposition 
of this Section, we briefly sketch the strategy to construct exact solutions to the Euler 
equations ([T]). Given a strict subsolution (v,R,p), i.e. 

dtv + div (v <g) v) + Vp = div R, div v = 

and 



-it) — -fird \v(x, t)\ 2 dx 

— — JT , n Id - R > 0, 
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we construct a triple (v\, R\,pi) which is closer to being a solution, in the sense that the 
energy gap e(t) — j Td \v\(x, t)\ 2 dx and the trace-free tensor Ri are both smaller, while 
e ffl f T d \vi(x,t)\ dx ^ _ ^ remains positive definite. An iteration is needed since e(t) — 
fj d \v\(x, t)\ 2 dx and Ri cannot be made to vanish exactly. Yet the iteration converges 
because this can be done with arbitrary accuracy. 

Proposition 4. Suppose d = 2 or 3, and fix Tq > as in (OJ). Let K C Aid be compact and 
contain i?2r (Id), and let M be an open neighborhood of K such that AT C Aid- Fix eo > ; 
Ao > 0, and fo = ro(d, K, eo, Ao) as in Lemma\TB. 
Fix now ro < min{ro,ro} and set 

min Aq 



Ad 



-ro- 



Then, there exists M = M(eo, Aq) with the following properties. 



(10) 



Let £ > and < ( < \ . Suppose < 5 < 1 and (v, R,p) satisfy 
dtv + div (v (8) v) + Vp = div R, div v = 0, 

eo(t) + Ao(t)(l-$)-/ \v(x,t)\ 2 dx <(/25A (t), 



and, posing 5 := C^ 2 ? 



Id 



d 



-R(x,t)zK, x G T d , teS 1 . 



e (t) + (1 - <5)A (t) - f Td KM)I 2 dx' 

S'ei D := max |l, 

Then there exists (vi, R\,pi) satisfying 

dtv\ + div (v\ ® v\) + Vpi = div R±, divt>i = 



and such that 



eo(i) + A (i)(l-<5)-f \v t (x, t)\ 2 dx 



< t/26A Q (t), 



max ■ 



P*i||o 


< 


r]6, 


IK - v \\o 


< 


MV5, 


II 1 (T rf ) 


< 


r 5*, 


IIpi -pIIo 


< 


M 2 5, 








i.II^iIIi} 


< 











1+e 



(11) 



(12) 



(13) 

(14) 
(15) 
(16) 

(17) 

(18) 



where the constant A depends on d, e,e > and \\v\\q, see 
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Remark The conclusions imply that 

M ^ 

e (t) + (1 - S)A Q (t) - j Jd bi(x,t)| 2 dx 

= _3 

where 5 = (S 2 . Indeed, 



Ri(x,t) e B ro (U) c K, x e T d , teS 1 

(19) 



e + A (l - 6) - f \ Vl \ 2 = A (5 - 5) + e + A (l - 6) - f \ Vl \ 2 > 



so that =—2 i?] 

e +A (l-<5)-/ T d \vi(x,t)\ 2 dx 

repeated use of Proposition [U 



Ao6 

Ijd 4 

< tq. Therefore, an iteration can be carried out by 



2.3. Proof of Theorem [Tl part 1. Assume Proposition H] is proved. 

Periodicity in t. In this paragraph we show that we may assume, without loss of generality, 
that vq, Ro,Po, and e are periodic in t. (Although this is not necessary for the construction, 
this feature will prove to be convenient as mollification in space and time is used in the 
estimates, see Section [33]) . Let's then start with a strong subsolution (vo,Ro,Po) defined 
for x E T d and t E [0, T] relative to e(t) which is a smooth positive function defined for 
t E [0,T]. It is standard that vo(x,t),po(x,t) can be extended to smooth functions for 
x E T a! and t £ 1 which vanish for t > |T and t < — and such that divt>o = and 
fjd vq{x, t) dx = for all t E M. See for instance the proof of Corollary 1.3.7, p. 138, Part II 
of |Ham82j . We may then repeat vq and po periodically in t with period 2T. We define 

R := TZ (d t v + div (v <8> v ) + Vp Q ) 

for t [0,T], see Definition for the operator TZ. Since the argument of the right-hand 
side has average over T d , the triple (vo,Ro,po) solves the Euler-Reynolds system and is 
periodic in t, see Lemma [TUJ Finally, it is clear that e(t) can be extended to a smooth, 
positive, periodic functions for (£R with period 2T such that 

— JT 1 , ' n Id — Rq(x, t) E Md, x E T , t€R. 

d 

Rescaling in t, we may assume that vo,Ro,po, and e have period 2ir. 

Setting parameters. Set 

eo(t):=f |wo(x,t)| 2 dx, A (i) := e(t) - e (t). 
Jf d 

We may then choose < £ < ^ such that 

(1 ~ C) A (*) M _ j^, q € M x€T d , t€R. (20) 

a 
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Set 

K:= | Id - (± _ Q A() ( t) Mx,t) :xGT d ,t€ [0, T]| U ^.(Id), 

where ro is as in Q. Fix an open neighborhood M of K such that A/* C Aid- Fix fo as in 
Lemma [12] and let ro < min{ro,fo} to be specified later, see Section [6j 
Define inductively 

3 

<Wl = C^n, <^0 = 1- 

Fix e > and a > 0. 

77ie iterates. Use PropositionHJinductively to construct a sequence (u n , R n ,p n ) with <5 = <5 n , 
(5 = 6 n +i- Since (uo,-Ro,po) clearly satisfies the assumptions of Proposition IU the remark 

following Proposition HI shows that Id nr~n — c d \ — i — i — v>Rn £ K for each n. The 

sequence satisfies 



eo(i) + A (t)(l -£„)-f bn(x,t)| 2 dx 
for n > 0, and for n > 1 



< C/25 n Ao(t), (21) 



(22) 
(23) 
(24) 

(25) 



< 




< 


mVs 


< 




< 


M 2 6 n 



and 



D n+ i := max|||u n+ i|| c i, ||i? re+ i || c i } < A5£ y^^j ( 26 ) 



Convergence of S n and D n . With d n = ln(£ 2 5 n ) we have d n+ ± = \d n and so 

S n = rV®"" 1 (n>0). 
Next, define x n := 8nD n where 7 > will be chosen later. Then, (|26p gives 

X n+1 < ^C" 2(1+£)+7 5n (| " £)_3(|+£) 4 +£ . 

There is no loss in assuming that e < \ (since we will take e|0). Let 

7 > 3 

' 1 - 2e 

and observe that < 5 n < 1 so that x n+l < AC~ 2(1+e)+7 x l + £ . Let 5 := (AC~ 2(1+e)+7 ) 
pose z n = \n(Bx n ) One easily finds 

D n+1 = (^B-\-^) n+ \B Xl )^) n . 
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Since < e < \, 7 > 0, and ln£ < 0, the term in will dominate that in (1 + e) n . That 
is, for any 7' > 7, there exists C = C"(£, s, A, 7, 7') such that 

Convergence in C° and (weak) solution to the Euler equations. Since 5 n vanishes very fast, 
and from (f2~T1) . (f22l) . (f23j) . and (i25l) . we conclude that (v n ,p n ) converges uniformly to a 
(weak) solution (v,p) to the Euler equations ([1]) with kinetic energy e(t) = j Td \ v(x, t)\ 2 dx. 
In fact, 

°° 1 

\K - uollo < M « < CM (27) 

where C is some universal constant. In turn, the constant A in Proposition [J] can be taken 
to depend only on e and e. 



-V(§) 



Convergence in C e . We have 

Ik+i - ««||o < ^v 7 ^ < mc l C 

\\v n+1 - VnWci <D n + D n+1 < C'C 3Y & n 
and therefore by interpolation we find 

lk + l - v n \\ c e < \\v n+1 - ,„||^K + l " v n \f cl < (MCy-W C {{1 - d) - 3 ^ r ■ 

The critical value for 9 for which the right-hand side remains bounded is therefore • 
Since 7' > 7 > 3^|| are completely arbitrary, this means that any value 

is achievable. Letting e J. 0, any value # < is achievable. 
H^ 1 -estimate. We have by (|2"1"]) 

sup ||u(-, t) -«o(-,t)||fr-i(Td) < ^o2_/ 5 ™ - °" ( 28 ) 

* n=0 

by choosing ro sufficiently small. ■ 



2.4. Proof of Corollary [2]. Corollary [2] will follow from 
Proposition 5. With the notation of Section \2.1\ if d > 2, then 



M d C Si x + d and Id E M d . 



Furthermore, R 6 S++ is in Aid if and only if 

trR 



d-1 



Id - R > 0. 
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In particular, Ai 2 = S++ 2 and Ai d £ ford>3. 

Proof. It is obvious that Aid C Sf^ 1 and one easily verifies that Id = -r^y X)f=i ~~ e « ® e «) 
where {ei, . . . , e^} is the canonical basis for W 1 . 

Suppose that R G is of the form i? = ctj (Id — bi® bi), where Oj > and = 1. 
Then, ^ cij = and hence 

< V <g> bi = - — - Id - R. 
^-^ a — 1 

i 

Conversely, suppose R G satisfies Id — -R > 0. i? is diagonalizable and all its 

eigenvalues satisfy \ < jjcrp It is then easy to verify that, with ai := — Aj > 0, we have 
after diagonalization 

d 

R = Qj (Id — ej ® e;) 

i=i 

where {ei, . . . , e^} is the canonical basis of M d . 

Finally, note that Yli=i^i = t-vR and Aj > 0. If d = 2, then A,; < tri? for i = 1,2. 
Otherwise, if d > 3, the condition Id — i? > can be violated. ■ 

Proof of Corollary [§ It is easy to see that R = ^ Id - R satisfies © if and only if 
R G Aid- Thus, Proposition [5] implies Corollary [2l ■ 



2.5. Proof of Corollary [3J. For sufficiently small cr we have from the bound ([8]) 

N > 2 J d ( N,33 0M)I H ^ #o,33 0M) I fix > (7 

for sufficiently small cr whereas from ([7]) we would have 1 7^3 1 < a. Thus, the solution cannot 
be of the form ([6]) if a is chosen sufficiently small. 

The analogous conclusion holds as well for the case d = 2: the flows constructed in 
Theorem [Tj are genuinely two-dimensional, that is, they are not parallel flows. However, 
this conclusion can be arrived at by more elementary means. Indeed, it is classical that 
such flows are necessarily stationary, and this is not possible if e(t) is chosen non-constant. ■ 



3. Construction of the iterates 

3.1. Linear spaces of stationary flows. An essential ingredient in the construction in- 
troduced in |DLS12a] is a linear set of functions (W, Q) (in the ^-variable) satisfying the 
stationary Euler equations. The existence of such spaces seems to hold for different reasons 
for d = 2 and d = 3, and we consider these cases separately. 
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Dimension 3. For k G Z 3 , we let 

b k (0:=B k e ik <, ip k (€) := D k e ik< (29) 

where B k £ C 3 satisfies |J3fc| = ;4=, fc • B k = 0, and = 5— fe ; and = i k * k ^ k so that 

6 fc = curl ? Vfe, div ? 6 fc = 0, b k = b_ k . (30) 

Here, the operator curlg = x • is defined as usual. The ijj k are vector potentials for 
the vector fields b k . Concerning the analysis in this paper, they will play the same role as 
the stream functions in d = 2 dimensions introduced in (|3ip . 

Dimension 2. For k E Z 2 , we let 

6 fc (0 := ij^e ik <, MO = (31) 

so that 

& fc (0 = curi^ fc (£), div € 6 fc = 0, ^ = 6_ fc (32) 
where this time curkj = = (— d^2,d^i) denotes the rotated gradient. From the analytic 
point of view, the stream function if) k is the analogue of the vector potential D k e lk '^ 
defined in (|29p for the case d = 3. 



Lemma 6. Let v > 1 and d = 2 or 3. For k £ Z d suc/i i/iai |/c| 2 = 2/, Zet a^eC suc/i i/iai 
afc = a_fe. T/ien 

W(fl = £ Q:={ |^!V * I!, , (33) 

\k\ 2 =is I 2+^2 \ a ~ l > 

where ^(^) = ^2\ k \2 =u a k ijj k (^) , are W-valued and satisfy 

div^ (W ® W) + V € Q = 0, div 5 = 0. (34) 

F-uri/iermore, 



A- ^ V \k\ \k\ 



(35) 



Proof. If d = 3, this is Lemma 3.1 of [DLS12a] . (A constant is added in our definition so 
that j-j S Qd^ = 0.) Suppose d = 2. By direct computation one finds A^t/; k = — \k\ 2 tp k , and 
hence that A^ = — zAP. Recall the identities 

div ? (W <g> W) = |v € |VF| 2 + (curl^W 1 

where cml^W = d^W 2 - d^W 1 = A^ and W ± = (-W 2 , W 1 ). Then, 



\W\ 2 

div 5 (VF ®W) = V ? - — l - - i/W f ¥ 



as desired. 
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As for the average, write 

I w 8 w ® * = £ **l 4\ * W = J w ' ( Id - 1ST 8 r) 

where the last identity follows from tct ® tct = (Id — m ® ttt ) by direct calculation. ■ 



3.2. The Geometric Lemma. The next Lemma is a quantified examination of the range 
of positive definite matrices that the flows from Lemma are able to generate. 

Lemma 7 (Geometric Lemma). Suppose d > 2 and N > 1. Let K C Aid be compact, 
and AT an open neighborhood of K such that Af C Aid- Then, there exist v > 1, pairwise 
disjoint subsets 

AjC{keZ d : \k\ 2 = u} je{l,...,N} 
and smooth positive functions 

^GC^iAf), j £{!,..., N}, kGAj 



such that 

(1) k G Aj implies —k G Aj and = 7_^; 

(2) for each R S Af and j = 1, 2, . . . , N we have 

Proof. Each R € Af C A4<i is in the interior of a simplex E(i?) with vertices of the form 

A(i?) = re^J?) (Id - h(R) ® , i = 1, . . . , d + 1 

where = 1 and Hi(R) > 0. S(i2) can be chosen with pairwise distinct vertices and 

hence R is of the form 

d+l 

R = Y^c l (R) (Id - bi(R) ® bi(R)) 

i=l 

where Cj(-R) > 0. 

Since Af is compact, we may extract a finite subcover {S;}^ =1 where £/ := T,(Ri). Observe 
now that since Ri is in the interior of X/, it is also in the interior of any simplex with vertices 
slightly perturbed. Recall now that Q rf n§ d_1 is dense in S rf_1 (the proof in |DLS12a] using 
stereographic projection holds in any dimension). Then, by taking v € N sufficiently large, 
there exist hf) E Z d , i = 1, . . . , d + 1, I = 1, . . . , L, j = 1, . . . , N, all distinct, satisfying 
| 2 = v, and such that, for each I = 1, . . . , L, Ri is in the interior of Sp^ for j = 1, . . . , N, 
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where is a simplex whose vertices are multiples of I Id 'fjy- <S> —jjj- ) ■ We then write 



^ = E c m ( Id -^17h®^7hl' ' = 1.-^. j = l,...,N 



d+l 

Si) 



i=i 



1.(7) 






K i,z 




' \k {j) 


K i,l 1 


\ K i,l 



where c-^ > 0, I = 1, . . . , L, i = 1, . . . , d + 1. 



For each I = 1, . . . , L, j = 1, . . . , N there exist positive functions afj G C°°(£;), i 
1, . . . , d + 1, such that 



d+l 



,0) 








,u)i 




'i,Z 1 





i=l 

(Indeed, i? G Sp } is the unique convex combination of the vertices of and the coeffi- 
cients are algebraic expressions of R.) For each j = 1, . . . ,N, let now {n^}f =l be a C°° 
partition of unity subordinate to the cover {E^}^. Then for any R G A/" we have 

L d+l / 1,0) 



* = E E iP 3 (*) Id - 77^ ® I - J = 1, ■ ■ ■ , * ■ 

z=i i=i V l\z I 1%,; 

Set now 



:={fcg ) €Z d :i = l,...,d+l,Z = l,...,Jv}, j = l,...,7V 



and a k := yrii a ii f° r & = Next let 

A,: r,..s I',). ./ 1 v 

(once again by density, we can arrange for the Aj's to be pairwise disjoint) and a k = if 
Tj. Finally, taking 



~1 k {R) := —^/a k {R) + a- k (R), k G Aj 



finishes the proof. 



3.3. The operator 7£ = div . 

Definition 8 (The Leray projector). lei d > 2. For a vector field v G C°°(T d ,R a! ), sei 

Q v :=X7(j)-\- J- v 
JT d 

where cf) G C°°(T d ) is i/ie solution to A<fi = divv in T d subject to (f> = 0. VFe denote by 
V ■= I — Q the Leray projector onto divergence-free vector fields with zero average. 

The operator 7Z was introduced in [DLS12a] for d = 3. Its generalization for any d > 2 
is given by the following 
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Definition 9 (The operator R). Let d>2. For any smooth vector field v G C°°(T d ,R d ) 
we define IZv to be the matrix-valued periodic function 

d-2 /„„ ,„„ nT \ d /_ . _ . T \ 1 



no = W ~ T) [vvu + iyvu) ) + ^-^ [vu + (v.) ) + — (di™)id (37) 



where u G C°°(T",R d ) is i/ie solution to 



Ait = v — -f v in T , subject to -f u = 0. 

By direct verification one obtains 

Lemma 10 (K = div" 1 ). Lei d > 2. For any v G C°°{T d ,R d ) we have 

(1) lZv(x) is a symmetric trace-free matrix for each x G T d ; 

(2) drvRv = v — j Td v. 

3.4. Further technical preliminary. The following is proved in |DLS12a] for d = 3 and 

the proof is valid as it is for any number of space dimensions. Denote Ci,...,C 2 d the 
equivalence classes of Z d / ~ where k ~ I if k — I G (2Z,) d . 

Proposition 11 (Partition of the space of velocities). Let d > 2 and fj, G N. There exists 
a partition of the space of velocities, namely R-valued functions ai(v) for I G Z d satisfying 

£(«,(tO) 3 = l (38) 



suc/i i/iai, setting (p^\v,r) = YlieC a i(l IV ) e ^* / or J = 1, • • • ,2 d , and k G then we 

(77 (7) 
Ziaue <p£' = <t3_j, and 



zee 



3.5. The maps io , ui, p l5 and J?j. Let eo, Aq,(, (v, R,p),rQ, K,M , 5 be as in Proposi- 
tion m 

Mollifications. Let x G C£°(R rf x R) be a smooth standard nonnegative radial kernel 
supported in [— 7r,7r] rf+1 and denote by 

the corresponding family of mollifiers (0 < I < 1). We define 

v e (x,t) := v(x - y,t - s)xe(y,s)dyds, (40) 

R e (x,t) := R(x - y,t - s)xe{y,s)dyds 
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and set 

Ptif) ■= j^rg (e (t) + A (t)(l-S)-£ d \v t (x,t)\ 2 <b\ (41) 

and 

R e (x, t) := pe(t)ld - R e (x, t), x £ T d , teS 1 . (42) 



The oscillation term w Q . Provided ^ G J\f, see Lemma [12j we may define 

w (x, t) := W(x, t; Xt, Ax) (43) 
where (the b^s are defined in (j3~Tj) and (p9]) ) 

s; r, £) := ^ a k (y,s;T)b k (£) 

\k\ 2 =u 

:= V»EE^^T7t)^^(^)'*K)- ( 44 ) 
j=i fceAj ^ 

and where for k £ Aj, 



ak{y, s; r) = s/pet/jik ( Ri \ } ) 4>i \{ v e{y, s); r) (45) 

The corresponding stream function (d = 2) and vector potential (d = 3) are both formally 
defined by 

ipo(x, t) := V(x, t; At, Ax) (46) 

where (see again (f3Tj) and ([29]) ) 

\k\ 2 =v 

The velocity field v\. It is defined by 

v\ := v + w := v + w + w c , w c := —Qw 
where w is given in (j43|) and Q is the Leray projector of Definition Note that div^i = 0. 

The pressure p\ . It is defined by 

n (v — Vi) ■ w , 

pi :=p + g = p + p-2^ 47 

a 

where 

q(x,t) := Q(x,t;Xt,Xx) (48) 

and 

0(y,*;r,0:= £ 5 fc ( y , S ;r)e^:= _,^ + V * ' (49) 

l<|Jfc|<2i/ I 2 +I/ 2 (« - 2 J 
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and where ve is given in (I40j) . w a in (|43|) . in (|44j). and in case d = 2, 1/ is given by 
Geometric Lemma [3 

The tensor R\ . We define 

R\ \= R — Rn 

+w <8) (f — f^J + — f^J <g> to — 2 Id 

+72 [div (w ®w + R£ + qld) 
+TZd t w c 

+72 div ((ve + w) w c + w c (v£ + io) — w c <8> u; c ) 
+72. div (w; ® ^) 

+72 [<9 4 w; + div ® w )} (= 72 [9 t u; + v e ■ Vw ] ) . 

(50) 

One easily verifies (see § 3.5 in |DLS12b] for details) that R\ £ SQ Xd and that 

div R\ = dtV\ + div [v\ ® v\) + Vpi. 

4. Proof of Proposition 3] 

4.1. Conditions on the parameters. Let eo, Ao, ro, e, C> •K'j.A/" be as in Proposition [H Set 
e := eo + Ao and u := so that 

1 j_ 1 + h; 

l + e = • 

1 — w 

We assume D > 1 and <5 < 1 are given. 

The estimates in the following Section as well as those established in [ DLS12b| . see 
Propostions [TBI fTTl and [18] in the Appendix, are derived under the assumptions on the 
parameters A, \i and t that they satisfy 

A, /x, — £ N 

and 

M^*" 1 ^!. > ^ > 1, A > max|(/^7J) 1+aj ,r (1+w) }. (51) 

4.2. w is well defined. The following estimates are standard: 

IMIr < C{r)Dr r (r > 1), (52) 
||w-^||o + ||^--R||o < CD£, (53) 
ll&llo < ll^llo- (54) 
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As a consequence, writing \ \v(\ — M < \v — ve\ + 2|t> — ve\, and using < r]5 < -jf^o 
from (l5"TT) and (PTOl) we obtain 



id 



\v e (x,t)\ z - \v(x, t)\ z \ dx < CDlimaxe* +1 < CV/o" maxea + 1 



(55) 



Lemma 12 (w is well defined). Let d,eo,Ao,K,M,rQ as in Proposition^ Let < 5 < 1 , 
5 < C<5, < C < ^, and D£ < J mi ^° ro, TTien there exists fo depending on d,K,eo, and 
Aq /rom Proposition^ such that the following holds. If r^ < fo, (v,R,p) satisfies i filj) and 
( G^j ) and if and i?^ are defined as in \^ i[ ) and fl^i?[ ) respectively, then — £ A/*. 



Proof. By assumption Id 
Id 



e (t)+A (t)(l-5)-f ld |^(x,t)| 2 dx 



e (t)+A (t)(l-(J)-f T d K*,*)l 2 

Re € A/", we shall prove that 



R £ K. In order to prove that 



di2 



di?^ 



eo(t) + A (t)(l - <J) - f Td M 2 e (t) + A (i)(l -5)- j Jd \v t \ 



is less than dist (K, cW) := inf {\A — B\ : A £ K, B £ cW}. By assumptions on 5 and (, 



e + Ao(l - S) - f \v\ 2 >A Q 5/4: 



and thus 



d(27T) d Pe (t) 

eo(t) + Ao(t)(l-3) 



i)| 2 dx 



eo(t) + A (t)(l-<J)-f \v(x,t)\ 2 dx - f (\v t (x,t)\ 2 - \v(x,t)\ 2 ) dx 

JTd, Jjd 



> Ao(t)5/4 



|i^(a;,t)| 2 — |u(x,t)| 2 | dx. 



(56) 



By (|55p. making tq smaller if necessary depending on d, Aq and e = eo + Aq, we have 



d(2n) d p e (t) > A (t)5/8. 



Since (v,R,p) satisfies (fT2j) . there exists a constant C = C(K) such that 
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Using the above, (|53|) . (|55|) . and again D£ < mm d ° r , we obtain 



< 



< 



< 
< 



R 



Rf 



e + A (l -5) - f Jd \v\ 2 e + A (l - 5) - f Jd \v e \ 2 
R — Rf 



e + A (l -5) - f Jd \v\ 2 



+\Re\ 



l 



l 



e + A(l -5) - f Jd \v\ 2 e + A(l - 5) - f Jd \v e \ 



R- Re 



+ 



e + A (l -5) - f Jd \v\ 2 
\R\ 



f T d \ \vg\ 



e + A (l -5) - f Jd \v\ 2 e + A (l -5)- f rd \v e \ 



4CD£ _ . „. 4C7/5(max e 2 + 1) 

^0 



A n 5 



C + C(K)(maxe2 +1) 



(57) 



Therefore, the right-hand side is sufficiently small so that 6 A/", provided ro < ro where 
fo is chosen sufficiently small depending on d, K, e, Aq. ■ 



4.3. Proof of Proposition 31 Setting some parameters. In the next paragraphs, we will 
use estimates from [PL SI 2b] . see Propositions [TBI [T71 and [18] in the Appendix. These 
estimates are derived under the conditions listed in (|5ip on the parameters £, A, fj,, D, and e 
(via oj). We shall now set the parameters £, //, A in terms of D, 5, e so that these conditions 
are satisfied. Set 

OJ 

at = —. r. 

2(1 + u) 

In particular, both oj and a depend only on e and a G (0, yq^) so that Propositions [T71 and 
[18] are applicable. Note then that the constants C v , s become constants C v . Also, 

1 1 1 1-oj 

a = ; < 2a = ; < 0. 

2 2(1 + oj) 2 2(1 + oj) 



Recall that <5 = C<5 2 and choose 



e = -^l (58) 



L V D 



where L v > 1 will be chosen sufficiently large, see Section [BJ We shall impose 



£>A — fD5\— D8 



l+e 
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where A„ > 1 will be chosen sufficiently large, see Section [6j (We note that in principle we 
should require that A, /x, X/n € N, but this can be arranged easily, up to universal constants.) 

Now we verify that the conditions (|5ip on the parameters are satisfied with the above 
choices (f58|) and ([59]) . Noting that 5 < 5, then l~ x > ^ is satisfied with 



L v >ri~\ 



(60) 



Next, ([59]) and > 1 imply 



1+6 



D~2 



, 6 -d+e) > r l 



since ( < i, and D > 1. Also, 



1-W 1 + u 

\—D— 



D 

i\. v 



C 2 5 2 



l-Ul 

A 2 



— 



since < u> < 1, <5 < 1, A v > 1, and Z) > 1. Also, 



A, 



so that we require 



D \~ 



L V D 



1-UJ 



A, 



> 



A, 



" T 1 



(1+^) 2 



l+u 



A,. 



> 1 



(61) 

In conclusion, the requirements ([51]) are satisfied provided L„ > 1 and A v > 1 satisfy (foOj) . 
and (|6ip . Note that £ shall be chosen first, then L v , and finally A„. (Further requirements 
will be imposed on £, L v and A v , see Section [6l) 



Estimates on the energy. From Proposition [TTJ and with a = ■jt^j, 



eo(t)+Ao(l-<5) 



|^i (x, £)| 2 ofcc 



< c e De + c v VsD^x a -^ 

C e - C v I i I i L_ 



A 2(l+w) 



-^l) A 2(l+u) 

where simplifications follow since D > 1, i 



i 



2(l-w) 



2(Yz^y < for < w < 1, and 
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since 5 < VS. We can achieve (fT3|) provided 



^ + -^<C/2minA (t). 

J->V a 2(l+w) * 



(62) 



Using = -2(1^) 
Proposition [T7] becomes 



1 i i L_ 

and 5 2 2 (!-") <5 1_ " < 5, established above, the second estimate in 



T 1 



(i>i ® v\ — v <8) u — -R^) cfcc 



i L 



< C„, e A„ 2(1+U) D^^ ^2-2(T^5i- w + c e A„ 2 (52£ 

—J— + — I 6 - 



< 



Making A„ > 1 sufficiently large, so that 



i + — < r 



a; 



2(l+w) 



A 2 



we can achieve 



(ui <8> «i — u ® v — Re) dx 



<r 8. 



(63) 



(64) 



C° -estimate on R\. We have 

ll-RiHo < C v (pi + VSD^X 2 ^ +yf8D 1 2\ a -l 

using the fact that A > 1 and thus we should keep the least negative of a — ~ < 2a — | < 0. 
Note also that we have used that 5 < y/d. Now (fl4l) obtains provided 



^- + — — < V- 

Lit. 



2(l+ e ) 



(65) 



C c ] -estimate 



on v± — v 



. From Proposition 1161 



M 



\\vi - v\\ 

by making M sufficiently large. This is (I15p . 



w\\ < C e V6 < —V6 



(66) 



C° -estimate on p\ — p. The pressure p\ has been defined in (|47j) as pi = p + g — 2 
where q is given in (|48p . Making M larger than previously if necessary (depending on v in 



(v — V£)-W 

d 
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the case d = 2), we have \\p\ —p\\o < ^-5+ \\v — ve\\o\\w\\o. But from \\v— vg\\o < CDl < C5, 
we get CDtC e \fb < CC e 5\fd < ^-8. Increasing M if necessary, we get (fT7|) : 

M 2 M 2 
\\pi-p\\o<—S + C e 5<—5. (67) 

^-estimates. Since A > 1 and a — ^ < 2a — ^ < 0, we have from Proposition [T8l 

||Ail| c i <C v \\V5^ + V5D-z\ 2a - l 2 +V5D 1 2\ a ~-2\ <X5( ^ + — %^ ) 
I ^« J A 2 ( 1 +") / 

and therefore ||-Ri||i < A<5 provided 

^ + -fe^<i- (68) 

■"V A 2(l+u) 

From Proposition [TCI H^iHc* 1 < ||u||ci + IMIc 1 < D + C e ^^/~5\ so that, with 5 < y/6, 

r i / D5\ 1+e 3 / D\ 1+£ 

max|||ui|| c i, ||-Ri||ci j < D + C e>v ^8k v [=2) ^ 2C e ,„A t ,52 

3 2 

since D > 1 and 5? > 5 . Now set A := 2C ej „A„. From (j27|) . we conclude 

yl := 2C e A„. (69) 

Estimate on \\vi(-,t) — v(-,t)\\ H -i(jdy By construction we have v\ — v = w = w Q + w c and 
we will estimate ||w ||/f-i(T d ) an d ||^c||i?-i(T d ) separately. 

Let / be any test vector field. By definition ([4"3"]) of w a , and according to estimates from 
Propositions [14] and [15] in the Appendix, we have 



w Q - f dx 



< 



a k 1 J 1 



A 

lfcl 2 =y 



< ^.£)-«5-t=stji-« 

< (70) 
A 2 



Next, observe from ([g0 ]) =([52 ]) and (|4"5 |) that 

w (x,t) = -curl (^2a k (x,t;\t)ip k (Xx)) - - y^^ k (Xx) ■ curl a k (x,t; At) 

V fc / k 



and thus w c (x,t) = — Qw (x,t) = jQ yYl\k\ 2 =u V'fc(Ax) • curlafc(x, t, At) J = |Q« C . (Recall 
the interpretation of the curl operator in dimension d = 2 from Section [3.11 ) The function 



21 



A. CHOFFRUT 



u c is of the form u c (x,t) = ^2\k\ 2 =u^k{x,t; Xt)e lXk ' x where the coefficients dk satisfy the 
same estimates as the coefficients Va^, see Proposition [15] in the Appendix. Then, with 
< 7 < 1 to be specified later, we find 





1 




/ w c - fdx 


< - 

" A 


/ u c ■ Qf dx 







< 



< 



< 



A ^ A^ 

2 = „ 



< 



3(l+7)r 



lC e A. 



^+A-2-7^2 7 



where we have used that ~(1 + - 5 > for < u < 1 and < 7 < 1, D > 1, and 

5 < <5. Fix 7 = I so that |J* Td u> c ■ f dx\ < 



1 1 — §-<5 4 . From this and (|70j) we conclude 

\f Jd w-fdx\ < -%^ 4 ||/||i which implies that ||w|| jy-i (T d ) - -%£ 4 - 
A,? A,? 



The bound ([TBI) is 



satisfied provided 



C e ^ 
— < ^0- 
A 2 



(71) 



5. Proof of Theorem \T\ part 2 

We consider again the sequence (v n , R n ,p n ) and the limit v from Section [231 We denote 
with some abuse R n ,i = Pn,d& — Rn,£ and v n> £ the corresponding quantities (since actually 
l = l n ). Write 



^ n=0 



■w (8> f - v ® t; + i?o - ^A Id = ^ (u n+ i ® v n+ i -v n ®v n - R njt ) 

n=0 

+ ^ ^/0n,^ - ^A (5„ - 5„+i)^ Id 

00 

— ^ Rn,£ + Ro — Ro,£- 



n=l 
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From (jMj) . 



(v n+ i <g> v n+ i -v n ®v n - R n i ) dx 



< r 5 n+1 (n > 0) 



and from (1221) and (f5H) . 



Rni dx 



< r]5 n -i (n > 1). 



As for the remaining term, 

d(2ir) d p n/ = e + A (l - 5 n+1 ) - f \v n ^ 

= A (<5 n - 5 n+1 ) + f (\v n \ 2 - \v n/ \ 2 ) dx 

+e + A (l - S n ) - f \v n \ 2 dx 

JT d 

But from (|2ip and from (|55p we find 

d(2ir) d p n/ - A (5 n - S n+1 ) < C/2A <5 n + Crj8 n (max + 1). 
Also, by definition {35}, (Dt) Q = < ( and thus from ([53]) we find 



i\ 2 dx 



||i*0-iM < CC 



With all the above we conclude 



v <X> v — vq <X> v o + Ro — -Aold ) dx 
T d v d ) 

< 2{r + C/2A + C^r (max + 1)J + C(. 
Thus, making tq and £ sufficiently small depending a, e and Aq, we can achieve 



v (E> v — v o v o + Rq — ^Aold ) dx 

Jd \ d 



< o. 



(72) 



6. Fixing the parameters M, (, r , L v , and 
We list the requirements on the parameters M, ro, L v , and A„: 

• M: dMD, (EZD; 

• r : (USD, (ESI), OSSD, dSZD, dZU; 

• W. dSOD, (EU), dS3j, ®, dSHD, ill); 

• A„: dHU), fl§2}, d53D, fl55J PD, flZU- 

Recall that d, e, A , (vq, Rq,pq), and e (hence ui) are given. We set the parameters M, (, r , L 
and A„ in this order as follows: 
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(1) set M larger than a constant C e so that it satisfies (I66p . (1671) (specifically, the 
constant depends on e and sup k y T ||a/c(-, y; t)||i); 

(2) set £ sufficiently small depending on (vo, -Ro>Po) and <r so that it satisfies (|20|) . ([72]) ; 

(3) set ro sufficiently small depending on d, a, Ao and e so that it satisfies (f28j) . ([55]) . 
dSSD, {[5TD, (UJ); 

(4) set L v > 1 sufficiently large depending on ro, Ao, and e so that it satisfies ([60]) . 

(USD, HMD, (ESI), PI); 

(5) finally set A„ sufficiently large, depending on £, Ao, e, ro, and L„, so that it satisfies 

453} , dS2D, (USD, 0, 

Appendix A. Estimates from [PL SI 2b] 
The following Propositions have been proved in |DLS12b] and |DLS12a] . 

Proposition 13 (Schauder estimates for elliptic operators). Let d > 2. For any a G (0, 1) 

and any m G N there exists a constant C s (d, m, a) so that the following estimates hold. 

< C s (d,m,a)\\v\\ m+a 

< C s (d,m,a)\\v\\ m+a 

< C s (d,m,a)\\v\\m+ a 

< C s (d,m,a)\\A\\ m+a 

< C s (d,m, a) \\A \\ m+a 

Proof. This is Proposition 4.3 of |DLS12b] , valid as it is for any d > 2 provided 1Z is defined 
according to Definition [9l ■ 



\\Qv\\rn+a 
1 1 F'v 1 1 m+a 
\\Tt v \\m+l+a 

||^div^|| m+Q 
||^Qdiv^|| m+Q 



Proposition 14 (Stationary phase lemma). Let d > 1. For k G and A > 1, 

(1) For any function a G C°°(T d ) and m G N we have 



a{x)e iXk - x dx 



< 



(2) Let k G 7L d \ {0}. For any vector field F G C°°(T d ,R d ) let F\(x) := F(x)e 



Then, 



\KF x \\ a < 



\KQFx\ 



< 



Cs I, nil C s C s 

)l—a II 110 ~r ^ m _ a L \m ym L 'm+a 



a a 

\F\\n+ \F] — LFl 

\l-a 11 l|u )^m-a L 'm ^ m L Im+o 

where C s = C s (d,m,a) (i.e. they do not depend on A nor k ^ 0). 



AXk-x 



Proof. This is Proposition 4.4 of |DLS12b] , valid as it is for any d > 1. 
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Of the estimates from Proposition 5.1 from [PL SI 2b] . we will only recall the one which 
is explicitly used here (in the estimate of ||w c ||^-i( T d)). 

Proposition 15 (Estimates on the coefficients). Let a& G C°°(T d x §' x 1) be given by 
J^5| ). For any r > 1, 

\\a k (;s;r)\\ r < C e ^6(fi r D r + f iDl 1 - r ). 
Proposition 16 (Estimates on w , w c , and w). Assuming \51\) and r > 0, we have 

\\w \\j- < C e V6X r 
\\d t w \\ r < C v VdX r+1 



and for r > 0, r G" 



In particular 



\w r 

\\d t w c \\ r < C V:S V6Dfi\ r . 



\\w\\o < C e \fb 
IMIi 

Proof. This is Proposition 6.1 of |DLS12bj . I 

Proposition 17 (Estimates on the energy). For any a G (0, ■jtjj) there is a constant C Vy 
depending only on d, a, e, and \\v ||o, such that, under the assumptions \51\) . we have 



e (t) + A (i)(l -5) - f \ Vl (x,t)\ 2 dx 



< C e Dl + C v ^^DX a ~ l 



and 



(v i <2> v i — v ® v — Re) dx 



Proof. The first estimate is Proposition 7.1 of |DLS12b] . The second estimate holds since 
since the first and second term of 



(v± ® vi — v ® v — Re) dx 



(v± ® v\ — v ® v — w a <£> w ) dx+ / (w ® w — Re) dx 



are estimated exactly as f Jd (|t>i| 2 — |t>| 2 — \u 
of Proposition 7.1 of |DLS12b] , respectively. 



D | 2 ) dx and J Td (|w D | 2 — tr Re) dx in the proof 



Proposition 18 (Estimates on R\). For every a G (0, j^) there is a constant C VjS de- 
pending only on d,a,co,e, and \\v\\o, such that, under the assumptions \51\) . we have 

\\Ri 1 1 o < C VtS (pi + VSDfiX 2 ^ 1 + v 7 ^ 1 A c 
\\Ri Hi < C V)S X (V6D£ + VdDuX 20 ' 1 + \/5/x _1 A c 
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Proof. This is Proposition 8.1 of |DLS12b] . For convenience for the reader, we recall briefly 
how the "zero-mode" of w Q ® w cancels with R. From definition (I44p of W we have 

W ®W{y,s ]T ,i) = U {y,s)+ £ U k (y, s; r)e ik < 

l<\k\<2v 

for some coefficients U k - The "zero-mode" Uo(y,s) is precisely Ri(y,s) since 

- «EE^f))>W)i 2 (id-A«A) 



/ 



j=l fceA, «6C, v v 11 117 



2 



j=l «£C 3 



The crucial identities are (|35|) . (|36j) . (|38|) . and (|39j) . Thus, 

div (io ®w + R e + gld) = div y (W ® W - i^) + V y Q + Adiv f (PF ® W + Qld) 

= ]T (div y U k + V y a k U)e iXk - x 

l<\k\<2v 

where a cancelation occurs since (W, Q) is a stationary solution (in the ^-variable) to the 
Euler equations. Here we have used that pi = pe(t), and the a^'s are the coefficients of Q, 
see (|4"9j) . In the end, div (w Q (& w + Ri + gld) is oscillatory. 

The other terms in div R\ are linear in w and hence are also oscillatory. ■ 
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